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Partial Convergence of Heterogeneous
Hegselmann-Krause Opinion Dynamics
Wei Su, Yongguang Yu ∗
Abstract
In opinion dynamics, the convergence of the heterogeneous Hegselmann-Krause (HK)
dynamics has always been an open problem for years which looks forward to any essential
progress. In this short note, we prove a partial convergence conclusion of the general het-
erogeneous HK dynamis. That is, there must be some agents who will reach static states in
finite time, while the other opinions have to evolve between them with a minimum distance
if all the opinions does not reach consensus. And this result leads to the convergence of
two special case of heterogeneous HK dynamics: the minimum confidence threshold is large
enough, or the initial opinion difference is small enough.
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1 Introduction
Opinion evolution dynamics are an important issue in the social dynamics and deeply involved
with our social lives in a large aspect, including public voting and online forum. In recent years,
analysis on opinion dynamics has attracted more and more interests of many research areas
such as mathematics, physics, psychology, and information technology [4]. Due to the com-
plexity of social dynamics, various opinion phenomena, including agreement/consensus, crowd
polarization, and opinion fluctuation, can be widely observed in reality. In order to quantita-
tively investigate the opinion evolution mechanisms, various multi-agent based models have been
proposed, and among them one of the most famous models is the so called Hegselmann-Krause
(HK) model [7, 8].
In the HK dynamics, the opinions of all agents are assumed to take values in a finite in-
terval, and each agent has a confidence bound. All agents whose opinion values locate within
the confidence bound of one agent are called its neighbors, and the agent updates its opinion
value by averaging the opinion values of the current neighbors. According to the diversity of
confidence bounds, the HK model can be divided into two cases: the homogeneous case and
the heterogeneous case. The model is said to be homogeneous when all agents possess the same
confidence bound, and heterogeneous otherwise. Though possesses simple-looking format, the
HK model can effectively present the rich phenomena of real opinion evolution, and shows its
own difficulty in theoretical analysis as well [5, 6]. One of the most basic concern of the HK
dynamics is the convergence of the opinions. For the homogeneous case, it has been proved that
the opinions will converge to static state in finite time [5, 9], while the convergence of the het-
erogeneous case has always been an open problem for years [1], although it is supported by vast
simulation results. Up to now, only a few results have appeared. In [2], a sufficient condition for
∗
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the heterogeneous HK systems to converge is given, and in [3], the inertial HK systems (besides
the homogeneous agents, the system has some close-mind agents whose confidence bounds are
0) is proved to converge. Other than these pleasurable but limited progress, there is still no di-
rect conclusion on the convergence of the general heterogeneous HK dynamics, and any evident
theoretical progress is anticipated.
In this short note, we prove a partial convergence result about the general heterogenous
HK dynamics. Here the heterogeneous confidence bounds are supposed to be positive, and it
is proved that there must be some opinions that reach steady states in finite time, while the
other opinions have to stay between them with a distance of the minimum confidence bound if
all the opinions does not reach consensus. Using this result, we obtain the convergence of two
special heterogeneous HK models. That is, when the initial opinion difference is no larger than
the twice of the minimum confidence bound, or all the confidence bounds are not less than half
the opinion interval, the heterogeneous HK dynamics will reach convergence.
The rest of this paper is organized as follows: Section II gives the scheme of the heterogeneous
HK dynamics and the problem formulation, Section III presents the main results, and Section
IV gives some concluding remarks.
2 Preliminaries and Formulation
Suppose there are n agents, whose opinion values at time t are denoted by x(t), which take
values in [0, 1]n, then the heterogeneous HK model is described as follows:
xi(t+ 1) =
1
|Ni(x(t))|
∑
j∈Ni(x(t))
xj(t), i ∈ V = {1, . . . , n}, (2.1)
where xi(t) ∈ [0, 1], i ∈ V is the opinion value of agent i at time t and
Ni(x(t)) = {1 ≤ j ≤ n
∣∣ |xj(t)− xi(t)| ≤ ri} (2.2)
with ri ∈ (0, 1] representing the confidence bound of agent i.
Remark 2.1. On consideration of the relevance to the convergence results of the two special
heterogeneous HK dynamics obtained in this paper, the confidence bounds in system (2.1) are
supposed to be positive. And when ri = r, i ∈ V for some r ∈ (0, 1], system (2.1) degenerates to
the homogeneous case.
For the homogeneous HK dynamics, it is proved
Lemma 2.2. [9] The opinion values of homogeneous dynamics (2.1) are order-preserving, i.e.,
if xi(0) ≤ xj(0), ∀i, j, then xi(t) ≤ xj(t), t ≥ 0. Moreover, for every 1 ≤ i ≤ n, xi(t) will
converge to some x∗i in finite time, and either x
∗
i = x
∗
j or |x
∗
i − x
∗
j | > r holds for any i, j.
Here, the convergence of an opinion can be defined as follows:
Definition 2.3. The opinion value xi(t) of agent i is said to converge if there exists x
∗
i ∈ [0, 1]
such that limt→∞ xi(t) = x
∗
i ; and converge in finite time, if there exists time T ≥ 0 such that
xi(t) = x
∗
i for t ≥ T .
Lemma 2.2 says that the opinion of the homogeneous HK model will converge in finite
time, but it is more complex for the heterogeneous case. Though vast amount of simulations
support the convergence of the heterogeneous HK model, systems can be easily given that the
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convergence may take place in an asymptotical way, rather than in finite time. For example,
suppose V = {1, 2, 3}, xi(0) = 0.1, 0.4, 0.8, ri = 0.1, 0.4, 0.1 respectively, then x1(t) = 0.1, x3(t) =
0.8 for t ≥ 0, but x2(t) tends to 0.45 asymptotically.
The order-preserving property and the monotone change of the boundary opinions of the
homogeneous HK model can be obtained by the following lemma:
Lemma 2.4. [9] Suppose {zi, i = 1, 2, . . .} is a nonnegative nondecreasing (nonincreasing)
sequence. Then for any integer m > 0, the sequence
gm(k) =
1
k
m+k∑
i=m+1
zi, k = 1, 2, . . . ,
is monotonously nondecreasing (nonincreasing) with respect to k.
3 Main Results
3.1 Partial Convergence of General Heterogeneous HK Systems
Theorem 3.1. Let r = mini∈V ri, then for system (2.1), there exist c, c
′ ∈ [0, 1] with c ≤ c′,
C, C′ ⊂ V with |C| ≥ 1, |C′| ≥ 1 and t∗ ≥ 0, such that
(a) xi(t) = c, xj(t) = c
′ for i ∈ C, j ∈ C′, t ≥ t∗;
(b) the convergence is reached in finite time, if c′ − c ≤ 2r;
(c) xk(t)− c > r, c
′ − xk(t) > r for k ∈ V − C
⋃
C′, t ≥ t∗, if c′ − c > 2r.
Proof. Define functions
xmax(t) = max
i∈V
xi(t), xmin(t) = min
i∈V
xi(t)
for t ≥ 0. It is easy to see that xmax(t) is nonincreasing and xmin(t) is nondecreasing.
Since {xmin(t), t ≥ 0} is monotonically nondecreasing, and has an upper bound 1, thus a
real number c ∈ [0, 1] exists such that
lim
t→∞
xmin(t) = c. (3.1)
This implies for ∀ǫ > 0, there exists T ≥ 0, such that c− ǫ < xmin(t) ≤ c for t > T .
Take ǫ ∈ (0, r
n2
), T ≥ 0 such that c − ǫ < xmin(T ) ≤ c. Denote V
1
ǫ (t) = {i ∈ V|c − ǫ <
xi(t) ≤ c + (n − 1)ǫ}, t ≥ 0. If |V
1
ǫ (T )| = n, then xmax(T ) − xmin(T ) < nǫ ≤
r
n , which
means all agents at time T are neighbors to each other, and hence the opinions converge to a
common average value at time T + 1. Otherwise, |V1ǫ (T )| < n. If there exists j /∈ V
1
ǫ (T ) and
c+ (n− 1)ǫ < xj(T ) ≤ c+ r − ǫ, then for i ∈ V
1
ǫ (T ), we have j ∈ Ni(x(T )) and by Lemma 2.4,
xi(T + 1) =
1
|Ni(x(T ))|
∑
k∈Ni(x(T ))
xk(T )
≥
1
|V1ǫ (T )|+ 1
( ∑
k∈V1ǫ (T )
xk(T ) + xj(T )
)
>
1
|V1ǫ (T )|+ 1
(|V1ǫ (T )|(c− ǫ) + c+ (n− 1)ǫ)
= c− ǫ+
n
|V1ǫ (T )|+ 1
ǫ ≥ c,
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which contradicts with (3.1). Thus for j /∈ V1ǫ (T ), we have xj(T ) > c+ r − ǫ and by repeating
the above discussion, we have
xj(t) > c+ r − ǫ, if j /∈ V
1
ǫ (t), for t ≥ T. (3.2)
For j /∈ V1ǫ (T ), by Lemma 2.4 and (3.2), we have
xj(T + 1) =
1
|Nj(x(T ))|
∑
k∈Nj(x(T ))
xk(T )
≥
1
|Nj(x(T ))|
( ∑
k∈V1ǫ (T )
xk(T ) +
∑
k/∈V1ǫ (T )
xk(T )
)
>
1
|Nj(x(T ))|
(
(|Nj(x(T ))| − 1)(c − ǫ) + c+ r − ǫ
)
= c+
r
|Nj(x(T ))|
− ǫ ≥ c+
r
n
− ǫ > c+ (n− 1)ǫ,
which means j /∈ V1ǫ (T + 1). Consider (3.2) again and repeat the above discussion, we have
j /∈ V1ǫ (t), t ≥ T. (3.3)
This means that if one agent j is not in the set V1ǫ (T ), it will never get in it. For i ∈ V
1
ǫ (T ), if
there exist j ∈ Ni(x(T ))− V
1
ǫ (T ), then by (3.2) and Lemma 2.4, we have
xi(T + 1) =
1
|Ni(x(T ))|
∑
k∈Ni(x(T ))
xk(T )
≥
1
|V1ǫ (T )|+ 1
( ∑
k∈V1ǫ (T )
xk(T ) + xj(T )
)
>
1
|V1ǫ (T )|+ 1
(|V1ǫ (T )|(c − ǫ) + c+ r − ǫ)
= c+
r
|V1ǫ (T )|+ 1
− ǫ ≥ c+
r
n
− ǫ > c+ (n− 1)ǫ.
(3.4)
This means if one agent i in V1ǫ (T ) has a neighbor which is not in V
1
ǫ (T ), then i will leave V
1
ǫ (T )
at the next time, and by (3.3), we know that V1ǫ (t) ⊃ V
1
ǫ (t + 1) for t ≥ T . Since |V
1
ǫ (T )| < n,
and |V1ǫ (t)| ≥ 1, t ≥ T by (3.1), there exists time T
∗ ≥ T such that for t ≥ T ∗,
Ni(x(t))
⋂
(V − V1ǫ (t)) = ∅, i ∈ V
1
ǫ , (3.5)
which means all the agents in V1ǫ (t) have no neighbor which is not in V
1
ǫ (t). By (3.1), we have
xi(t+ 1) = c, i ∈ V
1
ǫ (T
∗), t ≥ T ∗. (3.6)
Thus by (3.3), (3.4) and (3.6), we know that for every i ∈ V1ǫ (T
∗), it never has neighbors outside
V1ǫ (T
∗). Similarly, there exists c
′
∈ [c, 1] and T ∗
′
≥ 0 such that lim
t→∞
xmax(t) = c
′
, and
xi(t+ 1) = c
′
, i ∈ V2ǫ (T
∗′), t ≥ T ∗
′
(3.7)
where V2ǫ (t) = {i|c
′
− (n − 1)ǫ ≤ xi(t) < c
′
+ ǫ}, t ≥ 0, and all the agents in V2ǫ (T
∗′) have no
neighbor which is not in V2ǫ (T
∗′). Let C = V1ǫ (T
∗), C′ = V2ǫ (T
∗′), then conclusion (a) holds.
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Denote Vǫ = C
⋃
C′. Take t ≥ max{T ∗, T ∗
′
}, if |c′ − c| ≤ 2r, then Vǫ = V, and the convergence
holds. Or there is k ∈ V − V1ǫ (t), and either xk(t) − c ≤ r or c
′ − xk(t) ≤ r holds, which
contradicts with (3.5). If c′ − c > 2r, (3.6) and (3.7) indicate that the agents in Vǫ reach static
states, while all agents that are not in Vǫ evolve in the interval (c + r¯, c
′
− r¯) with r¯ = min
i∈Vǫ
ri
since by (3.5) they cannot be neighbors of the agents in Vǫ, thus conclusion (c) holds.
Corollary 3.2. For the heterogeneous HK system (2.1), if the initial opinions satisfy xmax(0)−
xmin(0) ≤ 2r, then (2.1) will converge in finite time.
Proof. Since xmax(0) − xmin(0) ≤ 2r, by Lemma 2.4 and Theorem 3.1, c
′ − c ≤ 2r, then the
conclusion holds by Theorem 3.1 (b).
Corollary 3.3. For the heterogeneous HK system (2.1), if r ≥ 0.5, then for any initial opinion
values, (2.1) will converge in finite time.
Proof. If r ≥ 0.5, we can get that xmax(0) − xmin(0) ≤ 1 ≤ 2r, then the conclusion holds by
Corollary 3.2.
4 Conclusions
Convergence of the heterogeneous Hegselmann-Krause opinion dynamics has always been an
open problem for years. In this paper, a partial convergence result is proved, where it is shown
that some opinions must reach convergence in finite time, and the other opinions will stay
between them with a distance of the minimum confidence bound if the whole system does
not reach convergence. After that, the convergence of two special heterogeneous HK model is
obtained, that is, when the initial opinion difference is small enough, or the confidence bound is
large enough, the heterogeneous HK dynamics will reach convergence.
References
[1] A. Mirtabatabaei and F. Bullo, Opinion dynamics in heterogeneous networks: convergence
conjectures and theorems, SIAM J Opti. Contr., vol. 50, no. 5, pp.2763-2785, 2012.
[2] S. Etesami, T. Bas¸ar, Game-Theoretic Analysis of the Hegselmann-Krause Model for Opin-
ion Dynamics in Finite Dimensions, IEEE Trans. Autom. Control, vol. 60, no. 7, pp.1886-
1897, July, 2015.
[3] B. Chazelle, C. Wang, Inertial Hegselmann-Krause systems, arXiv:1502.03332v3, 2015.
[4] C. Castellano, S. Fortunato, and V. Loreto, Statistical physics of social dynamics, Rev.
Mod. Phys., vol.81, no.2, pp.591-646, 2009.
[5] J. Lorenz, A stabilization theorem for continuous opinion dynamics, Physica A, 2005,
355,(1): 217C223.
[6] J. Lorenz, Continuous opinion dynamics under bounded confidence: A survey, Int. J. Mod.
Phys. C, vol.18, no.12, pp.1819-1838, 2007.
[7] R. Hegselmann and U. Krause, Opinion dynamics and bounded confidence models, analysis,
and simulation, J. Artificial Societies and Social Simulation, vol.5, no.3, pp.1-33, 2002.
5
[8] U. Krause, A discrete nonlinear and non-automonous model of consensus formation, In
S. Elaydi, G. Ldas, J. Popenda, and J. Rakowski (Eds.), Communications in Difference
Equations, Amsterdam: Gordon and Breach Publisher, pp. 227-238, 2000.
[9] V. D. Blondel, J. M. Hendrickx, and J. N. Tsitsiklis, On Krause’s multi-agent consen-
sus model with state-dependent connectivity, IEEE Trans. Autom. Control, vol.54, no.11,
pp.2586-2597, Nov. 2009.
6
